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Abstract 
A Boolean function _/+I,. . ,x,,) is elusive if every decision tree evaluating f must examine 
all n variables in the worst case. Rivest and Vuillemin conjectured that every nontrivial monotone 
weakly symmetric Boolean function is elusive. In this note, we show that this conjecture is true 
for n = 6. @ 1999 Elsevier Science B.V. All rights reserved. 
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1. Introduction 
An algorithm for computing a Boolean function is called a decision tree if for each 
input assignment to Boolean variables its computation consists of a sequence of queries 
each on the value of a variable depends on previous computation until the function- 
value is determined. A Boolean function is elusive if every decision tree computing it, 
in the worest case, queries all variables. 
Consider two assignments x = (xl,. . . ,x,) and y=(yi ,..., yn). We write xby if 
Xi < yi for all i. A Boolean function f is increasing if f(x) = 1 and x < y imply 
f(y) = 1, decreasing if f(y) = 1 and x < y imply f(x) = 1, monotone if it is ei- 
ther increasing or decreasing. A Boolean function f(x) is trivial if either f(x) E 0 
or f(x)- 1. 
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We call a subgroup G of symmetric group S, as a invariant group of Boolean 
function ~(xt,x~, . . . ,x,) if 
GC{~If(x1,~2 9.. . ,&> = fb(l),&(2), ‘. . ,&(n,>). 
A Boolean function f(xi,xz, . . . , x,) is weakly symmetric if f has a transitive invariant 
group. 
A Boolean function f on n(n - I)/2 variables, corresponding to n(n - 1)/2 pos- 
sible edges, is called a graph property on n vertices if for every permutation c on 
{1,2,...,n), 
f (x12 ,...,x,-l,,)=f(xb(l)ag),...,X,(,-l)a(n)). 
Every graph property on n vertices is weakly symmetric because the symmetric group 
S,, on n vertices induces a transitive invariant group on n(n - 1)/2 edges. 
During last twenty years, one has made many efforts on following conjectures. 
Karp Conjecture (1973). Every nontrivial monotone graph property is elusive. 
Rivest-Vuillemin Conjecture (1975). Every nontrivial monotone weakly symmetric 
Boolean function is elusive. 
Clearly, Rivest-Vuillemin Conjecture [5,6] is a generalization of Karp Conjecture 
[7]. Both conjectures have been proved when n is a prime power [3,6]. However, 
when n is not a prime power, one know only that Karp Conjecture is true for n = 6 
[3]. What is about Rivest-Vuillemin Conjecture? In this note, we show that Rivest- 
Vuillemin Conjecture is true for n = 6. 
2. Preliminary 
To show our main result, let us first introduce some concepts and tools. 
An abstract complex A on a finite set X is a family of subsets of X such that if A 
is in A, so is every subset of A. Each element of A is called a face. The dimension of 
a face A is JAI - 1. A vertex of A is a O-dimensional face. The Euler characteristic 
of an abstract complex A is defined by 
x(A)= C (-1) IL-1 = c (_l)l‘+’ + 1, 
AEA,A#@ AEA 
in particular, x( { 0)) = 0. 
For any 0-l vector x, let truth(x) denote the set of all X’S components with value 
1 and false(x) the set of all x’s components with value 0. Associated each monotone 
Boolean function f(x), an abstract complex can be defined by 
A 
i 
else(x) ( f(x) = 1) if f is increasing, 
f 
= 
{truth(x) / f(x) = I} if f is decreasing. 
Each vertex of Af is a variable of f. 
S.-X. Gao et al. I Theoretical Computer Science 223 (1999) 193-197 195 
A permutation (T on the vertex set of an abstract complex A is called an automor- 
phism of A if for each face A E A, a(A) = {o(a) 1 a E A} is still a face of A. Every 
invariant permutation of a Boolean function f induces an automorphism of Af. 
A maximal face is a face which is not a proper subset of another face. A face is 
free if there is only one maximal face properly containing it. An abstract complex is 
collapsible if it can be vanished by a sequence of operations each removing a free face 
and all faces containing the free face. The following can be found in [3]. 
Lemma 1. If a nontrivial monotone Boolean function f is not elusive, then Af is 
collapsible. 
Let G be a group of automorphisms on A. An orbit of G is a minimal subset of 
vertices of A which is closed under actions of G. Define 
A’={{Hl,..., Hk}IHl,..., Hk are orbits of G and HIU ..-UHk~d}U{t?l}. 
Then AC is also an abstract complex. The following fact can be found in [4]. 
Lemma 2. Let G be a group of automorphisms on a collapsible abstract complex A. 
Zf G is a cyclic group or G E C$, for some prime p, then x(AG) = 1, where C!$ is the 
class of all finite groups G with normal p-subgroups G1 a G such that the quotient 
group G/G1 is cyclic. 
The following lemma follows from Lemmas 1 and 2. 
Lemma 3. If a nontrivial monotone Boolean function f has a transitive cyclic in- 
variant group or a transitive invariant group in ?$,, then f is elusive. 
Proof. Let G be the transitive cyclic invariant group or the transitive invariant group 
in YP. Then G has only one orbit in A,-. This orbit cannot be a face of A,-. In fact, if 
it is a face, then Af is a simplex and f must be a constant, i.e., a trivial function, a 
contradiction. Thus, A? = (8) and x(Afc) = 0. By Lemma 2, Af is not collapsible. By 
Lemma 1, f is elusive. 0 
3. Main result 
In this section, we show the following. 
Theorem 1. Every nontrivial monotone weakly symmetric Boolean function 
fh,XZ,..., x6) is elusive. 
Since f (x1,x2,. . . , x6) is weakly symmetric, it has a transitive invariant group F. To 
show the theorem, let us first determine all possibilities of F. 
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Two permutation groups, say G<Sym(Q) and H <Sym(SZ’), are permutation iso- 
morphic if there exists a bijection A: 52 + S2’ and a group isomorphism II/: G-H, 
such that il(ocX) = (A(Lx))~~@) for all c1 E Sz and x E G. The following result can be found 
in [2]. 
Lemma 4. There are only 16 transitive permutation groups of degree 6 up to per- 
mutation isomorphism as follows: 
J1 =((123456)), 
J3 =(( 123456),( 16)(25)(34)), 
J5 =((123)(456),(12)(45),(14)(25)), 
J7 =((123)(456),(14)(25)), 
J9 =((123),(12),(14)(25)(36)), 
JII =((123),(12)(45),(14)(25)(36)), 
J13 =((12345),(16)(25),(2354))> 
JIS =& 
J2 =((l2)(34)(56),(135)(246)), 
J4 =((123)(456),(l2)(45),(14)), 
J6 =((123)(456),(1542)), 
Js =((l23)(456),(14)), 
JIO =((l23),(1542)(36)), 
J12 =Kl23),(14)(25)(36)), 
J14 =((l2345),(16)(25)), 
J16 = se. 
Among the 16 transitive groups, we need to consider only JI, J2, J7, and JIO due 
to the following. 
Lemma 5. The following relations hold 
(a) JI is permutation isomorphic to a subgroup of J3, J4, Js, J9, J11, J12, and Jle. 
(b) J7 is permutation isomorphic to a subgroup of Js, J6, J13, J14, and Jl5. 
Proof. (a) Note that (123)(456)( 14) = (123456) and (123)( 14)(25)(36) = (152634). 
Thus, all Js, J4, Js, J9, J11, J12, and J16 have a cyclic subgroup of order ten, which is 
permutation isomorphic to Jl. 
(b) It is trivial that J7 < J5 and Jt4 <J 13. Since all generators of J7 are even per- 
mutation, we have J7 < Jls. J7 < Je can be found in Table 2.1 of [2]. In fact, J7 con- 
sists of all even permutations in J6. Note that (12345)3( 16)(25)( 12345) = (154)(623). 
Thus, Ji4 contains subgroup (( 154)(623), (16)(25)) which is permutation isomorphic 
to J,. 0 
Lemma 6. J2 E ?I%, J7 E CV2, and Jlo E %. 
Proof. To show J2 E @, choose H =((135)(246)). H is a normal 3-subgroup of J2 
such that J2/H Z(( 12)(34)(56)) is cyclic. Hence HE CY3. 
To show J7 E CY2, choose H = {(l), (14)(25), (14)(36), (25)(36)}. It is easy to verify 
that H is a normal 2-subgroup of J7 and J7/H E(( 123)(456)) is cyclic. Thus J7 E ?Yz. 
To show Jlo E 4, choose H =(( 123),(456)). Then, H is a normal 3-subgroup of 
Jlo and Jlo/H %((1524)(36)) is cyclic. Thus Jlo ECY~. 0 
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Note that J1 is a cyclic group. By Lemmas 5 and 6, every weakly symmetric function 
f of six variable has a cyclic invariant group or a invariant group in S$, for some 
prime p. By Lemma 3, f is elusive. This completes the proof of Theorem 1. 
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